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Abstract-Amodel solid isexposed to thermal radiation that penetrates the surface. Thesolid gasifies in depth 
by an endothermic reaction with an Arrhenius rate coefficient. The absorption of radiation and the thermal 
conductivity both depend on the local density. The materials considered are polymeric solids, composites, 
graphite and metals. The model predicts a monotonic temperature rise through the reaction zone and a surface 
temperature that depends on the absorption coefficient. This contrasts with earlier predictions of radiant 

heating especially by high-power lasers. 

NOMENCLATURE 

A frequency factor in equation (8) [s-r] 

CS specific heat of solid [J kg- ’ K- ‘1 
E chemical activation energy per unit mass in 

equation (8) [J kg-‘] 
E* equation (15) 
H total enthalpy per unit volume [J mm31 
gs, r?,, fi specific enthalpy of the solid, gas and 
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Y 

both, respectively [J kg- ‘1 
specific heat of reaction, equation (3) 

CJb- ‘I 
absorbed intensity of thermal radiation 

CJm 1 -Zs-1 
local radiant intensity [Jm-‘s-‘1 
equation (13) 
local thermal conductivity, equation (5) 
[Jm-is-‘K-‘1 
radiation absorption coefficient [m2 kg- ‘1 
ideal gas constant [J kg-’ K-‘1 
chemical rate coefficient, equation (8) [s-l] 
local temperature [K] 
equation (13) 
time [s] 
equation (12) 
recession speed [m s- ‘1 
equation (23) 
equation (38) 
laboratory-fixed coordinate Cm] 
equation (12) 
moving coordinate Cm] 
equation (23) 
mass fraction, equation (13). 

Greek symbols 

Y equation (30) 

$Author to whom correspondence should be addressed. 

P equation (3) 

; 
equation (IS) 
equation (29) 

P local density [kgmw3] 
a Stefan-Boltzmann constant 

CJm -2s-1~-4 I. 

THERE are many practical applications in which a solid 
is heated by intense radiation. Laser-solid interactions 
provide one area Cl]. Others are fire prevention, ramjet 
engines, atomic blasts and high-speed entry into 
Jupiter’s atmosphere. Typically, gas evolves en- 
dothermically from thesolid.This is the familiar basis of 
ablative cooling in thermal protection systems. In- 
depth absorption of radiation is also typical, not only 
for semi-transparent materials [2] but for apparently 
opaque ones as well [3-5 7. 

We have taken a new approach to the problem of 
endothermic gasification of a solid by radiation 
absorbed in depth. Our model better describes the in- 
depth gas formation and avoids the common 
assumption that the reaction takes place at a prescribed 
temperature in an infinitely thin surface. We describe in 
a more sophisticated way how heat conduction and 
radiation absorption are coupled to the progress of the 
reaction. This approach actually simplifies the 
computation by avoiding a moving boundary whose 
location would be an extra unknown [6]. The model 
predicts a surface temperature given by a simple explicit 
formuia. The surface temperature depends on the 
absorption coefticient, a fact that has been obscured in 
previous treatments. During steady recession, the 
temperature rises monotonically through the reaction 
zone whereas simpler models have predicted an interior 
temperature maximum. 

The important features of the model are the 
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FIG. 1. The activation barrier. 
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following. The solid absorbs radiation in depth, 
inducing a solid-to-gas reaction that also occurs in 

depth. The gas escapes as rapidly as it is formed. The 
absorption coefficient and the thermal conductivity are 

both proportional to the local density. The reaction is 
controlled by an Arrhenius temperature-dependent 
rate coefficient [equation (S)]. The escaping gas carries 
sensible heat but there is no convective heat exchange 
with the solid. 

Let us consider these points in detail. While 
heterogeneous reactions like 2C + 0, + 2C0 may be 

confined near the surface, since they require a reactant 
available only in the gas phase, gas formation by phase 
change or chemical degradation can occur in depth, 
and may create cracks through which gas escapes, if 
channels are not already there. Many polymeric solids 

degrade into a porous matrix through which the gas can 
flow. This is especially true for composite materials 
consisting of a fiber matrix and a polymeric binder. In 

crystalline graphite gas escapes between basal planes in 
the lattice. If the solid forms a liquid layer, then the gas 
evolves as bubbles. 

The assumption of rapid gas escape places an upper 
limit on the incident intensity. However, the limit is high 
based on the internal pressure [equation (40)]. Above 
the limit, spalling occurs. 

With gas evolution in depth, the density of the solid 
varies smoothly through the reaction zone. Hence, it is 
necessary to include the density dependence of the 
absorption coefficient so the radiation intensity 

distribution will follow the density wave. The 
conductivity is set proportional to the density because 
it seems desirable that the conductivity should decrease 

to zero as the density decreases to zero. With 
conductivity proportional to density, the density drops 
out of the steady-state temperature equation. 

The Arrhenius rate law allows gas to evolve 
realistically over a range of temperatures [7 -101 and 
over a distributed zone. The use of an in-depth 
Arrhenius reaction avoids certain pitfalls. If the 
reaction is confined to a surface while the radiation 
penetrates the surface [l 1, 221, then the steady 
temperature distribution has an interior maximum. In 
practice, reaction rates increase as temperature 
increases, so that the reaction rate would then also have 
an interior maximum. which would be inconsistent 

with the neglect of in-depth gasification in such a 
model. Our model predicts that the steady temperature 
rises monotonically through the reaction zone, 
reaching an upper limit given by a simple explicit 
formula [equation (31)] that provides a natural 
definition of surface temperature. If the reaction and 
absorption are both confined to a surface [ 131 then the 
absorption coefficient plays no role [see equation (42)1. 

The Arrhenius law also allows the flexibility of an 
activation energy that is larger than the heat ofreaction 
(Fig. I ). The difference is small for elemental materials 
like metals, but it can be important for polymer 
degradation [9, lo]. and for overall reactions in which 
one activation energy is curve-fitted to a multistep 

process. 
Our results are consistent with the neglect of heat 

exchange between gas and solid in that the gas evolves 
where the solid temperature is nearly uniform, so except 
for cooling on expansion, the two phases have nearly 
the same temperature where they make contact. 

Our main emphasis is on the steady state, but we 
motivate our approach by starting with the full time- 

dependent problem. The detailed and overall 
governing equations are established and interpreted 
physically. The surface temperature formula and a 
good approximation to the recession speed are then 
obtained. After discussing the assumptions of the 
model for a wide range of real materials, including 
metals, graphite and plastics, we focus on plastics and 
calculate the initial response to an applied heat flux. 
The steady profiles of the temperature, density. in- 
depth intensity, reaction rate and absorption rate are 
then explored in detail to show the trends as the 
parameters of the problem are varied. This is followed 

by an examination of the surface temperature and 
recession speed. which is compared to previous 
calculations. Details of the mathematical techniques 

are available in ref. [ 141. 

GOVERISlNC k:QUATlOn;S 

Consider a semi-infinite slab of material occupying 
the space X d 0 (Fig. 2), with radiation incident from 
the right. The heat balance equation may be written in 

FIG. 2. Conditions at I = 0. 
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preliminary form as 

aH ar a 
-=z+ax Kg +I?,$ x<o. ( ) ap 
at 

(1) 

The LHS is the rate ofaccumulation per unit volume of 
enthalpy in both solid and gas phases. The terms on the 
RHS are the contributions from absorption of 
radiation, heat conduction, and gas escape. Our 
assumptions discussed above are incorporated here : 
the gas that evolves in depth escapes as rapidly as it is 
formed and immediately dissipates its pressure, making 
a neghgible contribution to the absorption and 
conduction terms. With the concentration of gas kept 
low,most oftheenthalpy Hper unitvolumeisdueto the 
solid phase. We can write 

and combine terms in ap/dt to introduce the heat of 
reaction 

Afi = I?,-$. (3) 

The heat balance equation is now 

Pc.g=;+& (4) 

For simplicity we assume that c, and Afiare constants. 
We put 

X = I(-.,PlP-, (5) 

where K _ m is a constant. The radiation absorption law 
is 

; = kpl, 

where k is the density-based absorption coefficient. The 
mass balance is 

where the rate coefficient R has the usual Arrhenius 
temperature dependence 

R = A exp (-E/B?‘) (8) 

in terms of an activation energy E and a frequency 
factor A. 

The initial conditions are 

T=T_,, P=P_~ at t=O. (9) 

The boundary conditions at subsequent times are 

I = f,, Kg=0 at X=0, (LO) 

~-+p_~, T-T-, as X-+-co. (11) 

We now rewrite the governing equations in 
nondimensional form. The new variables carry an 
asterisk (*) and are discussed from a physical viewpoint 

at the end of this section. Let 

X* = kp_,X, t” =$t, 

T*=& I*+-, y=P-, 
m P-m 

R* = y emE*lTI, 

. 
m 

Then the differential equations become 

pf&(l*-R*)+;& ( ) YZ , 

ai* 
- = YS, 
ax* 

ay - -R*E at+-- 
The initial conditions are 

T* = T*_,, Y = 1 at t* = 0, 

and the boundary conditions are 

I* = 1, Yg = 0 at X* = 0, 

Y-+ 1, T* + T*_, as X*-+-co. 
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(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

The governing equations for steady recession may he 
written in new coordinates 

x=x-t-Vt, (22) 

moving to the left at the unknown recession speed V 
that is eventually attained : we define 

v* = AEfp-mV 
I, 

x* = kp_,x. (23) 

Then the equations become (after dropping time 
derivative terms) 

$ -(,v*+ ;)g +/@*-RR*) = 0, (24) 

$ = YI*, 

dY R* y -= -- 
dx* I/* ’ (26) 

subject to the boundary conditions 

I* -+ 1, 
dT* 

Y---O as x*-+co, 
dx* (27) 

Y-1, T*-+T*_, as x*-+-co. (28) 

These conditions are sufficient up to translation to 
determine T*, I*, Y, and V*. (A special relation for 
computing V* from other quantities is derived below.) 

Note that the steady recession problem is defined 
over the whole interval - 00 < x* -C co, and there is no 



1174 W. B~~KSCH-SUPAN. L. W. HUNI’EK and .I. R. KUTTLEK 

abrupt surface. However, we will see that most of the 
drop in density occurs in a very narrow interval. and the 
residual material is so sparse that its influence is 
completely negligible. In practice, the residual solid 
would collapse or blow away. 

Notice, too, that the location of the origin is 
arbitrary. We are free to assign any reasonable value to 
Y or I* or T* at x* = 0. However, we will do so 
indirectly. In solving the steady equations, we first 
guess approximate solutions and then make correc- 
tions. Our guesses, being explicit functions of x, have a 
built-in choice oforigin. The computations suggest that 
successive approximations converge without shifting 
along the x-axis. 

For steady recession to exist, we require that the 
reaction rateat thelimit temperature T.. =, be negligibly 
small. This condition is autamatically met at room 
temperature for practical rate parameters. Formally, 
we can replace the Arrhenius function R(T) by zero 
below some cutoff temperature near T. ~~, and make the 
transition smooth. 

It is helpful to discuss briefiy the physical 
interpretation of the nondimensional variables and 
parameters. The time variable f* is based on the 
characteristic time A~~ki~ required to absorb enough 
radiant heat in a volume to gasify the solid contained in 
this volume. The coordinate x* is defined in terms of a 
rough radiation penetration depth l/kp_ ,~. We will 
also use a coordinate 

1 x 
f = px* = _._.__“._‘~__, 

v* Km/(P-~~s~) 
09) 

closely related (since V* E 1) to the penetration depth 
K ,/p- ,c, V of the conductive thermal wave into the 
advancing solid. The intensity and density are both 
referred to asymptotic values which makes Y the mass 
fraction. The temperature unit A?IA/C, is a temperature 
at which the sensible heat is sufficient for complete 
gasification. The parameter v is the ratio of a rate AA& 
at which energy is consumed by the reaction (at infinite 
temperature) to a rate kl, at which radiant energy is 
absorbed. Note that the reaction rate actually attained 
is smaller than A by many orders of magnitude. An 
alternate interpretation of v is the ratio of the new time 
unit A~~kl Q to a reaction time A-’ (at infinite 
temperature). When 19 < 1, the reaction is overwhelmed 
by radiation and no steady states exist. The quantity p 
may be thought of as a reciprocal conductivity in the 
new units. The parameter fiLli* is the ratio of the 
absorption depth to the depth of the conductive 
thermal wave. (Since V* 5 1, p may also be interpreted 
in this way.) When pLi/* > 1, the asymptotic thermal 
wave is controlled by radiation and convection. When 
pV* < 1, conduction and convection are controlling. 
The quantity 

Y = v/l-L, (30) 

is obtained by dividing an approximate time 
K_,,p_,(A~)z/~,l~ to reach steady state (see dis- 

cussion of Table 2) by a chemical reaction time l/A at 
infinite temperature. 

OVERALL BALANCES 

The mathematical investigation [ 141 of the steady- 
state equations (24)-(28) reveals the interesting result 
that the steady temperature rises monotonically with 
x* from TE n; to a finite upper limit of remarkable and 
elegant simplicity 

T* z E*‘ln V. ‘i ! (31) 

corresponding to R* = 1, provided r z 1. While there 
is no abrupt surface in our model, it is natura1 to define 
T$ as a ‘surface temperature’. Note that equation (31) 
expresses T:, in terms of the incident intensity and the 
absorption coefficient through V. 

The formula for V* is obtained from the steady 
overall balance equations for heat, radiation intensity 
and mass. We begin by rearranging the temperature 
equation (24) as 

+f*Y--R*Y = 0. (32) 

Each term is a rate of accumulation of heat per unit 
volume in the units kp _ =*I dC, In order of appearance the 
terms describe conduction, convection of sensible heat 
by the solid, sensible heat removed by the gas, 
radiation, and reaction. On integration, the conduction 
has no net effect and we obtain 

1 
v*T?. .+ I i*Ydx* = R*Yd.x* 

II 
J 

- V*‘j”*_dlidx* 
dx* ’ 

(33) 
- r 

Thus, the total heat imparted by convection ofsensible 
heat in the jncoming solid and absorption of radiation 
(terms on the LHS) is partly consumed by the reaction 
and partly removed by the gas (terms on the RHS). We 
note that the gas term is 

cx 

- v* J (I-Y) y;dx*. t34) 
so 

The total rate at which radiant heat is absorbed is 

s 

K 
i*Ydx* = 1. (35) 

-. ,r 

from equation (25). This is the overall balance for 
radiant intensity. The total rate at which the reaction 
absorbs heat is 

,x 

R*Ydx” = V*, 
J -n 

from equation (26). This is the overall mass balance. 
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Substituting into equation (33) gives the formula 

-1 

I/* = l+T*,-T?,- s m (1-Y)gdx* 1 -a, 
(37) 

This formula is used in the numerical calculations. We 
will see, however, that the integral here is very small 
because most of the temperature rise occurs where 
Y z 1. Hence the quantity 

v; = 
1 

1+2-*,-T?,’ 

is a reasonable approximation to the recession speed 
V*. Formula (38) is equivalent to the approximation 

Cl31 

I co cz p_mVIAI?+~,(T,-T_,)]. 

NUMERICAL METHODS 

We approximate the solution to the time-dependent 
problem of equations (16x21) by finite differences. We 
use a modification of the Crank-Nicholson method 
[lS,pp. 141-1431,solvingfor 7’* and R* at integral time 
steps jr, where z is a small step-width, and finding Y and 
I* at half-integral time-steps, (j +&)r. Given Y and I* at 
a particular half-step, we solve for T* at the next 
integral step by approximating aT*/at* in equation 
(16) by a time difference and (l/Y) (a/ax*) (Y aT*/aX*) 

by an average over the adjacent time-steps of centered 
space differences. R* is also averaged over the time- 
steps. With appropriate use of the boundary 
conditions, this gives an implicit relation for the new 
values of T* at the advanced time-step. R* is linearized 
at the advanced time-step to give a linear tridiagonal 
system which is easily solved. Once T* is found, R* is 
immediately determined. Then Y and I* are evaluated 
at the next half-step by simple difference approxim- 
ations of equations (17) and (18). 

The solution of the steady recession equations (24t 
(28) may be obtained by an iterative scheme. The 
second condition in equation (27) is replaced by 
equation (31). For given approximations to V* and I*, 
equation (24) and its boundary conditions constitute a 
nonlinear two-point boundary value problem which 
may be solved for dT*/dx and T* by a suitable 
numerical method. From T* and the corresponding 

R*, we numerically integrate equation (26) to get Y and 
then integrate equation (25) to get a new approximation 
to I* ; integration constants follow from equations (27) 
and (28). Finally, using d T*/dx* and x we obtain a new 
V* from equation (37). The entire sequence is repeated 
until differences between successive approximations 
become negligible. The starting approximations used 
are 

v* Z v;, (39) 

and 

1 

exp [- V,* +x*1, x* < 0, 

I* z 

exp [ - V,* e-“*/“~], x* > 0. 

For numerical solution of equations (24), (27) and 
(28), we replace the boundary conditions at x* = f co 
by approximately equivalent conditions at certain 
finite values of x* which can be obtained from the 
asymptotic behavior ofthe solution. A simple difference 
method is applied that leads to a nonlinear tridiagonal 
system of equations which can be solved iteratively by 
Newton’s method [16] for the temperature values. This 
involves expanding R*(P) about the old approxima- 
tion for T* and keeping only linear terms to solve for the 
new approximation. 

For more details on the numerical methods and on 
the asymptotic behavior of the solutions, see ref. [14]. 

APPLICABILITY OF THE MODEL 

In this section, we introduce some real materials 
under practical radiation intensities. We show that the 
assumptions of the model are satisfied over a wide range 
of conditions and that steady recession is easily 
attained. 

Table 1 lists nominal values of the required 
properties for four materials. The two plastics are 
polymeric materials, one semi-transparent and the 
other absorbing like graphite. The plastics also 
represent composite materials in an average sense. 

Table 2 shows some typical cases in which the 
materials are exposed to radiation. The incident 
intensity I, is given in the first column and the 
reradiated intensity aTt is in the second column. The 
group AfiJkI, is an approximate time required to 
absorb enough heat to gasify a unit mass of solid, and is 
taken as the time unit for the non-dimensional 

Table 1. Material properties 

ATJ-graphite Aluminum Plastics 

e, [Jkg-‘K-l] 8.4 x lo2 
E/B CKI 8.56 x lo4 
K_, pm-‘K-l] 1 x 102 
A [s-‘1 3.2 x lOI 
k [m* kg-‘] 1.5 x 103 

T--m CKI 
AH [Jkg-‘1 
P-~ Ckgm-9 

3x 102 
5.93 x 10’ 
1.73 x 103 

8.4 x 10’ 
4.0 x 104 
2.4 x 10’ 
8.1 x 10” 
3.1 x lo4 

3x 102 
1.22 x 10’ 
2.70 x lo3 

1.5 x 103 
1.9 x 104 

4x 10-l 
5 x 10’3 
7x10-1 

1.5 x 103 
3x102 
4x106 
2 x 103 
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Table 2. Typical cases 

[W m-‘1 

Graphite 1.0x 10s 
.5.0x 10’2 

Aluminum 3.3 x IO’ 
5.0 x 10’2 

Plastics 2.0 x IO5 
(k = 7.0 x 10-l m2 kg-‘) 5.0 x 10h 

2.0 x IO”’ 

Plastics 2.0 x 105 
(k = 1.5x 103m’kgm’) 5.0 x 10h 

6.7 x 10’0 

[Wm-‘1 Lsl [ms~ ‘1 Csl 

1.0 x 10’ 4.0 x lo- 4 9.7 x 1om4 6.7 x IO’ 
1.3 x 10” 8.0x 10 y 4.9 x 10’ 2.7 x IO-H 

1.3 x IOh 1.2 x lo-~’ 1.0x lo-” 1.1 x IO’ 
x.9x 10’ 7.9 x IO ’ ’ 1.5 x 102 4.8 x IO 9 

5.3 x IO3 2.9 x IO’ 2.5x 10 ’ 2.1 x IO2 
7.7 x lo3 1.2 6.3 x 10m4 3.4x10 ’ 
2.5 x lo4 2.9 x IO-’ 2.5 2.1 x IO -8 

1.4 x lo4 1.3 x 10-Z 2.5 x lo- i ?.I Y 102 
2.3 x lo4 5.3 x 1o-4 6.3 x 10-h -3.4 x IO ’ 
1.7x lo5 4.0x 10-R x.4 1.9x lo-” 

variables. The fourth column is an approximate 

recession speed corresponding to V* = 1. The last 
column is an approximate adaptation time to reach 
steady state derived from a simple model [ 173 in which 
the solid is moving in the positive x-direction at speed 

AI?/ki,. The plane x = 0 is maintained at temperature 
T,. At time zero, the solid temperature is T_ u,. The true 
adaptation time was calculated in one case (plastics, 
k=0.7mZkg-‘,I,=2.0x105Wm~2)andfoundto 
agree closely with the estimated value. 

The highest intensity values listed are attainable with 
common pulsed lasers and the intermediate values 
are obtained with continuous lasers. The value of 
5.0 x IO6 W me2, is possible in intense house fires. In 

all cases the intensity can be maintained for the time 
required to reach steady state, column 5, and is below 
the plasma threshold. 

It is interesting to note that adaptation times at high 
intensities are remarkably small. The gasification times 
in column 3 are sometimes even smaller. 

The neglect of reradiation is justified by column 2. 
Here the reradiated intensities are below the incident 
intensities by at least a factor of 10. 

It is not clear whether corrections may be necessary 
for gas absorption. The incident intensities are below 
the plasma threshold. However, some of the recession 
speeds in column 4 are very high, implying high gas 

evolution rates. 
High evolution rates also raise the question of 

subsurface pressure build-up. The gas pressure is 
required to be low in equations (1) and (2) but in 
addition, the pressure should not exceed the strength of 
the solid. What internal pressure is required to drive out 
the gas as rapidly as we have assumed? To make a 
representative calculation, we apply Darcy’s law [ 181 
in the form 

with the gas viscosity p”s = 1 x 10. 5 kg m ’ s ‘. the 
permeability k, taken to be 1 x lo- lo m2 [ 181, the mass 

flux of gas p8up set equal to the solid flux p V estimated 

from the approximate recession speed in Table 2, 
namely, pV = I, /AC?, the gas density pp set con- 
servatively at ps = 0.7 kg m _ -‘, and Ax taken to be the 

radiation penetration depth Ax = l/kp vl. Then the 
highest excess pressure that arises in Table 2 (plastics, 
k = 7.0x lo-‘m2kg-‘, I, = 2.0 x 10” Wm-‘) is 

AP = 5 atm. This is low enough for equations (1) and 
(2) but undoubtedly approaches the pressure the solid 
can withstand. In the other cases in Table 2, the in- 
ternal pressure is much less. In general, the last calcula- 
tion may be applied to estimate the onset of spalling as 
intensity is varied. 

TRANSlENT DISTRIBUTIONS 

Figure 3 shows the initial response of a semi- 
transparent plastic with k = 0.7 m2 kg-~ ’ and I, = 2.0 
x 10’ W m- ’ (see Table 2). Distributions of Y*, I* and 
T* are shown at equal time intervals in stationary 
coordinates. 

At time zero the surface is abrupt, Y is a step- 
function, and I is an exponential decay given by I = 
I,, exp( - kp.. ,X). After about 30 s (f* = I). Y has 
dropped by about 50% at the original surface, gas 1s 
evolving to a depth of about 1 mm, and the surface 
becomes diffuse. After 250 s (t* = 8), Y has made a 
smooth transition from Y = 1 to essentially zero at 
X = 0 and steady recession is established. The reac- 
tion is then distributed over a thickness of about 2 mm. 

As soon as ablation begins the intensity distribution 
departs significantly from an exponential decay. Since 
the density dependence of absorption is included in our 
model, the intensity can adapt to the changing density 
distribution and follow it as steady recession develops. 
The temperature also adapts to the onset of ablation 
through the strong coupling to Y and I*. The coupling 
arises through the reaction heat consumption, through 
radiation absorption, and finally through heat 
conduction, since our mode1 includes the concentration 
dependence of the conductivity. 
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E*=7.2 

-7 -6 -5 -4 -3 -2 -1 

X” = kp_, X 
FIG. 3. Approach to steady recession. 

TRENDS IN STEADY RECESSION 

In this section, we still consider plastic materials 
(Table 1) but show steady distributions in moving 
coordinates. It should be noted that the origin is fixed 
only by the computational procedure and not by any 
physical condition, so comparison of curves is possible 
up to translation only. 

In Fig. 4, the incident intensity is I, = 5 x lo6 
W me2 and the absorption coefficient is varied. The 
steady temperature wave does not show the internal 
maximum predicted by simpler models in which the 
traveling reaction zone is infinitely thin [ll-131. 
Instead, T* rises monotonically and approaches T*, 
(the dashed lines) as Y --, 0. 

Although the surface is diffuse in our model, we have 
defined the temperature limit T*, to be the surface 
temperature. This is justified by comparing the T* and 
Y charts in Fig. 4. One sees that the temperature 
essentially attains its upper limit while there is still a 
significant amount of solid left. 

The rise in temperature shown in Fig. 4 is due 
ultimately to the absorption of radiation. The rise is 
greater when k increases and more radiation is 
absorbed. For comparison, Fig. 4 shows the rate I* Y at 
which radiation is absorbed per unit volume in units of 
kp_,I,.Theareaundereachcurveisp,fromequations 
(29) and (35). For each k the location of the zone where 
radiation is absorbed roughly matches the location of 
greatest temperature rise. To the interior of the 
absorption zone T* is independent of k. Note that the 
absorption zone is narrow for large k and broader for 
small k. 

Figure 4 also shows the rate R*Y at which the 
reaction consumes heat per unit volume, in units of 
kp_,I,. The area under each curve is pV*, from 

equations (29) and (36). Since PI/‘* is usually close to p, 
which is the area under the absorption curves, most of 
the heat absorbed is consumed by the reaction. The 
location ofthe reaction zone also corresponds to that of 
the absorption zone. We do observe, however, that 
conduction reduces the peak value of the R*Y curve 
when p is small, i.e. conduction moves the absorbed 
heat before it is consumed by reaction. 

Finally, in Fig. 4, R* Y may also be interpreted as the 
mass rate of evolution of gas per unit volume, in units of 
I ,kp _ m jA8. A comparison of the Y and R* Y curves 
shows that the gas evolution rate is highest where Y is 
20-50%. Our model assumes that the gas can escape 
through the remaining space before the pressure builds 
up. When the evolution rate is too high, cf. equation 
(40), spalling occurs, and flakes of the solid are blown 
Off. 

Figure 5 shows the intensity distribution for various 
absorption coefficients k and incident intensities I,. 
For an abrupt surface in which Y is a step-function, I* 
would be simply exp(x*) and all the curves would 
coincide. Then the in-depth intensity I would be 
proportional to I, and the penetration depth pro- 
portional to l/k. With a diffuse surface the pro- 
portionalities are lost. We note that when p is large 
enough, say p > 10, then I* + R* for positive x*. 

SURFACE TEMPERATURE, RECESSION 
SPEED AND GAS FLUX 

The steady ‘surface temperature’ T, is plotted in Fig. 
6. Note from equations (13), (15) and (31) that T, is 
independent of the density p-m and the thermal 
properties K-m and c,, but it depends on all the other 
parameters of the problem. In particular, T, depends 
on the product kl,, which is a rate of absorption of 
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radiation per unit mass. As kZ, rises, so does T,. At very 
large kl,, corresponding to v = 1, steady recession no 
longer exists and T, + co. [Before this condition is 
reached, our model would lose its applicability because 

- 0.5 the gas evolution rate (see below) would become too 
large.] In addition to kl,, the activation energy E has a 

- 0.4 very large effect on the surface temperature. 

<3: 
The recession speed V is given to good accuracy by 

- 0.3 '8 V,, the deviation being less than 4% in one series of 
& calculations. The total mass flux of gas is just p-m K 

- 0.2 Figure 7 shows the rise in V, as I, increases. Again, 
when I, is too large, either steady states no longer exist 

- 0.1 or p _ m V becomes too large for the model. The curves 
are labelled by the value of eJ9. For many metals, 

I / / I I 0 
CJS? N 3. Figure 8 shows the dependence of V, on the 

-6 -5 -4 -3 -2 -1 0 kinetic parameters A and E and the absorption 

loglO + 

( ) 

coefficient k. The model can break down in the vicinity 
ofthe origin in this figure. Most practical cases are away 

AAH from this region making V, roughly independent of A 
FIG. 6. Steady surface temperature. and k but still strongly dependent on E. 
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FIG. 7. Steady recession speed. 

Formulas (31) and (38) for T, and V,, may be 
combined to give V, in terms of the surface temperature 

v, = -L exp(-EI~T,) 
kp 5( [ 1+ c,( T, - T- ,)/Afi]’ 

(41) 

Here we have eliminated the intensity I, of the incident 
beam but its wavelength distribution still has an 
influence through the absorption coefficient k. 

The last formula may be directly compared with 
earlier results. Ready’s analysis [ 131 of the vaporization 
of metals is based on equation (39) and 

V = h, A exp ( - AE?/g T,), (42) 

where h, is the thickness of an atomic layer in the 

crystal lattice. The last result may be derived by 
statistical mechanics [ 191 on the assumption that only 

the atoms in the outermost layer can escape. If we 
approximate the square bracket in equation (41) by 1 
and set E = Al?, then the temperature dependence is 
the same as in equation (42). It follows that Ready’s 
results are a special case of ours in which E = AZ? and 
the penetration depth is the thickness of one layer 

1 
-h 

lip_, ” 
(43) 

0.21 I 

oil-- 
0 2 4 6 8 10 12 14 16 

loglo 

FIG. 8. Steady recession speed. 

Kindelan and Williams [12, 201 write 

“=Re Ei*‘l,, (44) 

and leave B as a free parameter. Their reaction occurs at 
an abrupt surface and B is assumed to be independent of 
the absorption coefficient k. Based on these 
assumptions, the authors conclude that their surface 
temperature, which depends on B, is independent of k. 
Replacing their reaction with a distributed one. we 
would interpret B from equation (41) with the square 
bracket again set equal to 1 

A 
B= 

kpm7’ 
(45) 

With this interpretation, B, as well as the surface 
temperature, would depend on k, just as we have found. 
The authors thank one of the referees for pointing out a 
paper [Zl] that considers simultaneous in-depth 

absorption and in-depth Arrhenius reaction. However. 
the reaction is exothermic rather than endothermic and 
hence the problem is fundamentally different. 

The Langmuir equation [7] for the mass flux of gas. 
which determines the recession speed, is inappropriate 
in this problem. The equation is derived by equating the 

mass flux to that leaving the solid when in equilibrium 
with a vapor, which in turn is the condensation flux. 
However, a solid exposed to radiant heating is 
experiencing conditions that can be quite different from 
those experienced in equilibrium. It must be assumed 
first that the temperature gradient in the solid is small, 
since at equilibrium the gradient is zero. In addition, 
polymericmaterials are normally incapable ofreaching 
equilibrium with a vapor since they decompose 
irreversibly. 

CONCLCJSION 

We find the surprising result that the steady surface 
temperature of an ablating solid has a much simpler 
form when the calculation includes processes that have 
been neglected before. The surface temperature is given 
explicitly by 

(46) 

The model includes in-depth absorption ofradiation at 
a rate proportional to the local density [see equation 
(6)]. The effects are reflected in the formula through the 
incident intensity I, and the density-based absorption 
coefficient k. The effect of the temperature dependence 
of the chemical rate coefficient is included through the 
activation energy E and the frequency factor A [see 
equations (7) and (S)]. The gas evolves in depth with a 
heat of reaction Al?. The model also includes the 
density dependence of the conductivity, equation (5). 
and this contributes to the overall simplicity of the 
formula. 

The presence of the absorption coefficient k in the 
formula is probably the most significant new feature. 
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With the common assumption that the reaction zone is 

infinitely thin, k does not appear at all. 
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THERMIQUE ABSORBE EN PROFONDEUR 

R&mn&Un solide est expose a un rayonnement thermique qui p&etre la surface. Le solide est gazeifit en 
profondeur par une reaction endothermique avec un coefficient d’Arrhenius. L’absorption du rayonnement et 
la conduction thermique dependent toutes les deux de densite locale. Les materiaux consider& sont des 
polymdres solides, des composites, du graphite et des metaux. Le modele estime une elevation de temperature 
monotone a travers la zone de reaction et une temperature de surface qui depend du coefficient d’absorption. 
Ceci contredit des resultats anterieurs de chauffage par rayonnement, specialement par laser a grande 

puissance. 

ENDOTHERME VERGASUNG EINES FESTKGRPERS DURCH IM INNERN ABSORBIERTE 
WARMESTRAHLUNG 

Zuaammenfassung-Ein Modell-Festkorper wird thermischer Strahlung ausgesetzt, die die Obertliiche 
durchdringt. Der Festkijrper vergast im Innern durch eine endotherme Reaktion, die einer Arrhenius- 
Beziehung folgt. Sowohl die Strahlungs-Absorption wie such die Warmeleitfihigkeit sind von der iirtlichen 
Dichte abhangig. Die betrachteten Materialien sind: polymere Festkiirper, Verbundstoffe, Graphit und 
Metalle. Das Model1 liefert einen monotonen Temperatur-Anstieg durch die Reaktionszone und eine 
Obertliichen-Temperatur, die vom Absorptions-Koehizienten abhiingt. Dies steht im Gegensatz zu frtiheren 

Berechnungsergebnissen fur Strahlungs-Beheizung, insbesondere durch Hochenergie-Laser. 
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3HaOTEPMMqECKMfi IIEPEXOA TBEPAOI-0 TEnA B I-A300EiPA3HOE 
COCTOIIHME 3A CYET FIOrJIOwAEMOl-0 n0 I-JIYljMHE 

TErlJlOBOl-0 H3JIYYEHMR 

AHHOTalum-kkCJIeflOBaH0 BO3nekTBHC Ha MOAenbHOe TBCpnOC ICJIO TeIUlOBOrO M3ny'lCHtiz4, I,pO- 

mfKamuer0 qepes noBepxHocTb Tena. B my6eee Tena npomxonkiT npespaweme Teepnoro semecrsa 

B ra3 3a C'leT 3HAOTepMAqeCKOfi peaKUH&f, IIOnwiHmOWeiiCfl 3aKOHy AppeHuyCa. KaK nOrnOUIeHHe 

Pi3JIyWHMX, Ti3.K H TennOIIpOBO~HOCTb 3aBHCRT OT nOKanbHOii IlnOTHOCTll BeUeCTBa. kiCCnCnOBaJI&iCb 

nonkiMepHbIe TBepnbre Tena, KoMno3tfTb1, rpa@iT w Merannbr. CornacHo Monem, TehmepaTypa B 

30He ~aKI&HHpaCTeTMOHOTOHHO,aTeMiIepaTypa rlOBCpXHOCTM3aBACAT OTK03+$AUAeHTa a6cop6umt 

3TO IlpOTHBOpeWT p3ynbTaTaM paHe' npOBeAeHHbIX paCVCT0B JlyWiClOrO HarpeBa OCO6eHHO C 

IIO.MOUIbSO MOUHblX Ja3epOB. 


